ABSTRACT. In this paper we study the Lp-discrepancy of digitally shifted Hammersley point sets. While it is known that the (unshifted) Hammersley point set (which is also known as Roth net) with N points has Lp-discrepancy (p an integer) of order (log N )/N , we show that there always exists a shift such that the digitally shifted Hammersley point set has Lp-discrepancy (p an even integer) of order √ log N/N which is best possible by a result of W. Schmidt. Further we concentrate on the case p = 2. We give very tight lower and upper bounds for the L 2 -discrepancy of digitally shifted Hammersley point sets which show that the value of the L 2 -discrepancy of such a point set mostly depends on the number of zero coordinates of the shift and not so much on the position of these.
Introduction
. Now the L p -discrepancy, for p > 0, of the point set is defined as the L p -norm of the discrepancy function divided by the cardinality of the point set and is a measure for the irregularity of distribution of the point set over [0, 1) 2 (see for example [1] , [4] , [9] , [11] ). I.e., for 0 < p < ∞ we set 
(For p = 2 this result was proven by R o t h [15] .) In this paper we consider the L p -discrepancy of the digitally shifted Hammersley point set in base 2 with N = 2 m points. This is a generalization of the well known Hammersley point set in base 2 (which is also known as Roth net as it was first suggested by R o t h [15] ) and it is constructed as follows. Let m ∈ N, C 1 the m × m identity matrix over Z 2 , and C 2 the m × m matrix given by 
is the digitally shifted Hammersley point set in base 2 with N = 2 m points and shift vectors σ 1 and σ 2 . If we choose σ 1 = σ 2 = (0, . . . , 0)
T , then we obtain the classical Hammersley point set in base 2. Further we remark that any digitally shifted Hammersley point set in base 2 with N = 2 m points is a (0, m, 2)-net in base 2 as defined in [12] ; see also [13] .
POINT SETS WITH LOW Lp-DISCREPANCY
As pointed out by K r i t z e r [7] , it is sufficient to consider shifts only in the second coordinate, i.e., σ 1 = (0, . . . , 0)
T , since for
2 , yield the same digitally shifted Hammersley point set.
From now on we consider the digitally shifted Hammersley point set in base 2 with N = 2 m points and with shift σ = (σ 1 , . . . , σ m ) T ∈ Z m 2 (in the second coordinate). We denote this point set by H( σ). The classical Hammersley point set, i.e., σ = (0, . . . , 0) T , will be simply denoted by H. The star discrepancy of the Hammersley point set was studied in detail in [3] , [5] , [6] , [10] and the star discrepancy of the shifted Hammersley point set was studied recently in [7] , [8] . Here we deal with the L p -discrepancy, 2 ≤ p < ∞, p even, of the digitally shifted Hammersley point set. In [14] it is shown that for any p ∈ N for the L p -discrepancy of the classical Hammersley point set H we have
where N = 2 m and where the constant in the O-notation only depends on p. (See also C h e n and S k r i g a n o v [2] for the special case p = 2.)
For p = 2 we have the following more exact result due to V i l e n k i n [17] , H a l t o n and Z a r e m b a [6] and P i l l i c h s h a m m e r [14] ,
m . Further H a l t o n and Z a r e m b a [6] gave a digital shift σ HZ such that the L 2 -discrepancy of the resulting point set H σ HZ is given by (2) where N = 2 m and where ε m is zero if m is even and one if m is odd. The shift vector given by H a l t o n and Z a r e m b a is
So the number of zero coordinates of σ HZ is m/2 for even m and (m − 1)/2 for odd m.
It is the aim of this paper to show that for any even integer p and m ∈ N there exists a shift σ ∈ Z m 2 such that the L p -discrepancy of the point set H( σ) is of best possible order with respect to the result of S c h m i d t (Theorem 1 and Corollary 1). Further we prove very tight lower and upper bounds for the L 2 -discrepancy of a digitally shifted Hammersley point set (Theorem 2 and Theorem 3). We compare our results with the result from H a l t o n and Z a r e m b a and draw some interesting consequences. The results are presented in the subsequent Section 2. In Section 3 we collect some lemmas which will be needed in the proofs of our theorems. Finally the proofs of our theorems are given in Section 4 and Section 5.
The L p -discrepancy of digitally shifted Hammersley point sets
First we have the following result which shows that on the average the L p -discrepancy of a digitally shifted Hammersley point set is of best possible order with respect to Schmidt's lower bound.
Ì ÓÖ Ñ 1º Let p be an even positive integer and let m ∈ N. Then we have
1 2 m σ∈Z m 2 N L p,N H( σ) p ≤ 2S(p, p/2) 2 2p m p/2 + O m p/2−1 , where N = 2 m ,
the constant in the O-notation only depends on p, and S(p, p/2) is a Stirling number of the second kind.
The proof of Theorem 1 is deferred to Section 4. From this theorem we obtain the following results.
ÓÖÓÐÐ ÖÝ 1º Let p be an even integer and let m ∈ N. Then there exists a shift
vector σ * ∈ Z m 2 such that the L p -discrepancy of the digitally shifted Hammersley point set H σ * is bounded by N L p,N H( σ * ) p ≤ 2S(p, p/2) 2 2p m p/2 + O(m p/2−1 ) , where N = 2 m ,
the constant in the O-notation only depends on p, and S(p, p/2) is a Stirling number of the second kind.

Remark 1º The bound in Corollary 1 is best possible with respect to the lower bound from S c h m i d t (1).
ÓÖÓÐÐ ÖÝ 2º Let p be an even integer. For any ε > 0 and any c > 0 we have
The result follows.
If p = 2, it is possible to obtain more precise results, which shall be outlined in the following. First we prove an upper bound for the L 2 -discrepancy of a digitally shifted Hammersley point set.
Ì ÓÖ Ñ 2º Let σ ∈ Z m 2 and let l denote the number of zero coordinates of σ.
Then we have
We also have the following lower bound.
and let l denote the number of zero coordinates of σ. Then we have
The proofs of Theorem 2 and Theorem 3 will be given in Section 5. Observe that our upper and lower bound only differ by the almost negligible quantity
Remark 2º
With the help of Theorem 2 and Theorem 3 we can improve Theorem 1 in the case p = 2 to
Now we obtain the following result.
ÓÖÓÐÐ ÖÝ 3º Let m ∈ N and N = 2 m .
(
2 with l = m/2 zero coordinates. Then we have
Of course the L 2 -discrepancy (2) of the point set given by H a l t o n and Z a r e m b a lies between the bounds given in Corollary 3. Theorem 2 and Theorem 3 show that the value of the L 2 -discrepancy of a digitally shifted Hammersley point set does mostly depend on the number of zero coordinates in the shift vector and not so much on the position of these. In fact, numerical results suggest that the value of the L 2 -discrepancy of a digitally shifted Hammersley point set is exactly the same for all shift vectors with the same number of zeros. We remark that this is not the case for the star discrepancy of digitally shifted Hammersley point sets, see [8] .
It is remarkable that it is possible to obtain better results than H a l t o n and Z a r e m b a by using the bounds outlined here. Finally we obtain the following interesting result. 
Ì ÓÖ Ñ 4º We have
Together with Corollary 3 (or equality (2)) the result follows.
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Auxiliary results
In this section we collect some lemmas which will be used in the proofs of our results from the previous section. First we present a very useful formula for the discrepancy function of a digitally shifted Hammersley point set. Throughout the paper we use the following notation: for
with α i , β i ∈ {0, 1} we say in the following α (resp. β) is "m-bit".
Ä ÑÑ 1º Let α and β be m-bit and let
σ = (σ 1 , . . . , σ m ) T ∈ Z m
. Then for the discrepancy function of H( σ) we have
∆(α, β) = m−1 u=0 2 u β (−1) σu+1 α m−u ⊕ α m+1−j(u) ,
where ⊕ denotes addition modulo 2, · is the distance to the nearest integer function, and where j(u), 0 ≤ u ≤ m − 1, is defined by
Further we set α m+1 := 0. P r o o f. From [10, Theorem 1] this result follows for the (unshifted) Hammersley point set. It easily follows from the proof that the assertion is also true for the digitally shifted Hammersley point set.
Remark 3º Let α, β ∈ [0, 1] (not necessarily m-bit). Let again H( σ) denote the
Hammersley point set that is digitally shifted by an arbitrary vector σ ∈ Z m 2 . Since all points of H( σ) have m-bit coordinates, it follows that 
(Here and in the following 
Ä ÑÑ 3º Let σ and j(u) be defined as in Lemma 1. Let α be m-bit and choose
u ∈ {0, . . . , m − 1} arbitrary. Then we have
P r o o f. We have
Since j(u) depends only on α m+1−u , . . . , α m and not on α 1 , . . . , α m−u and since 0 ≤ j(u) ≤ u, it follows that
This yields the result.
Ä ÑÑ 4º
Choose an m-bit number β. Let 1 ≤ k ≤ m − 1 be an integer and 
Moreover, we have equality for the lower and for the upper bound if
r 1 = · · · = r k = 1. (b) For 0 ≤ u ≤ m − 1 we have 2 m −1 2 m β=1 2 u β 2 = 2 2m + 2 2u+1 3 · 2 m+2 .
The proof of Theorem 1
The following lemma is the first step in the proof of Theorem 1.
Ä ÑÑ 5º Let p be a positive integer and denote by ∆ the discrepancy function of a digitally shifted Hammersley point set H( σ) with
for odd p, and 
Applying Lemma 1, the term above equals
which, by Lemma 2, is equal to
However, for each 1 ≤ i ≤ k,
where f (r 1 , . . . , r k ) is one if r i is even for all i ∈ {1, . . . , k} and zero otherwise. Therefore we find that
The latter term equals
Making use of Lemma 2 and Lemma 4, we find that
Hence it follows that 
